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Abstract: In light of upcoming observations modelling perturbations in dark en-
ergy and modified gravity models has become an important topic of research. We
develop an effective action to construct the components of the perturbed dark en-
ergy momentum tensor which appears in the perturbed generalized gravitational field
equations, δGµν = 8piGδT µν + δUµν for linearized perturbations. Our method does
not require knowledge of the Lagrangian density of the dark sector to be provided,
only its field content. The method is based on the fact that it is only necessary
to specify the perturbed Lagrangian to quadratic order and couples this with the
assumption of global statistical isotropy of spatial sections to show that the model
can be specified completely in terms of a finite number of background dependent
functions. We present our formalism in a coordinate independent fashion and pro-
vide explicit formulae for the perturbed conservation equation and the components
of δUµν for two explicit generic examples: (i) the dark sector does not contain extra
fields, L = L(gµν) and (ii) the dark sector contains a scalar field and its first derivative
L = L(gµν , φ,∇µφ). We discuss how the formalism can be applied to modified grav-
ity models containing derivatives of the metric, curvature tensors, higher derivatives
of the scalar fields and vector fields.
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1 Introduction
The standard model of cosmology uses General Relativity (GR) to describe gravi-
tational interactions, an homogeneous/isotropic FRW metric to describe the geome-
try and matter content of cold dark matter (CDM)/photons/baryons to describe its
constituents. Observations of the cosmic microwave background, supernovae, baryon
acoustic oscillations, gravitational lensing and structure formation point to the exis-
tence of an additional component dubbed “dark energy”, or a modification to gravity,
which needs to be introduced to explain the the observed acceleration [1–5].
The simplest explanation is a cosmological constant, Λ, and the standard paradigm
is the ΛCDM model. However, there is still considerable flexibility for the explana-
tion to be something radically different. In general, we can model all possible theories
as an extra “dark sector” component to the stress-energy-momentum tensor. The
structure of the gravitational field equations means that this extra component can
be used to model either “exotic matter” with an equation of state P/ρ < −1
3
or a
modification to GR (i.e. modifying exactly how gravity responds to the presence of
matter). Constructing viable models of modified gravity has become an important
task with the discovery of the acceleration of the Universe; some modified gravity
models may also be able to account for observations which otherwise require dark
matter.
One way to model the dark sector is “Lagrangian engineering”: write down ever
more complicated new theories with a view of constraining their parameters and
free functions to fit observation with the hope that self-accelerating solutions can
be found. Theories where explicit forms of dark energy are written down also fall
into this category. They include TeVeS [6, 7], Einstein-æther [8], Brans-Dicke [9],
Horndeski [10–12] and F (R) gravities [13, 14], quintessence [15, 16], k-essence [17, 18]
and Gallileons [19]. This is by no means an exhaustive list, and we have made no
mention of the plethora of higher dimensional theories. The reader is directed to the
recent extensive review of modified gravity theories [20].
Given this proliferation of modified gravity and dark energy models, it would
be a good idea to construct a generic way of parameterising deviations from the
GR+ΛCDM picture and various suggestions have been made [21–33] to do this
for perturbations. This approach is called the “Parameterized-Post-Friedmannian”
(PPF) framework, in analogy to the well established Parameterized-Post-Newtonian
(PPN) framework which was invented for Solar System tests of General Relativity
[34]. However, as we describe below, to date no generic approach has been proposed
which has a physical basis.
In this paper we describe a new way of parameterizing perturbations in the
dark sector requiring as an assumption knowledge of the field content. We do not
assume a specific Lagrangian density, but we are able to model the possible effects
on observations by using an effective action to compute the possible perturbations to
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the gravitational field equations. This is done by limiting the action to terms which
are quadratic in the perturbed field content which is sufficient to model linearized
perturbations, and assuming that the spatial sections are isotropic. In this paper we
only consider the case that the dark sector contains first order derivatives of scalar
fields and the metric; we will discuss higher order derivatives and vector fields in a
follow-up paper.
Our theories will be completely general allowing for all possible degrees of free-
dom. Initially we do not impose reparametrization, or gauge, invariance. This is
something which we would expect of a fundamental theory of dark energy, but not
necessarily one for which the field content is just a coarse grained description. We
will find that this can lead to an phenomological vector degree of freedom, ξµ. In the
elastic dark energy theory [35–38], which can be used to describe the effects of a dark
energy component composed of a topological defect lattice, this represents a pertur-
bation of the elastic medium from its equilibrium. We will see that the imposition
of reparametrization invariance substantially reduces the number of free functions.
We note that many authors have consider possible dark energy theories which
are effective Lagrangians in the traditional sense, that is, the terms in the Lagrangian
represent an expansion of field operators which are suppressed at low energies [39–
41]. Our approach here is sufficiently similar to this approach to share the epitaph
“effective action”, but it is completely different in many ways. It is completely
classical and is in no sense an expansion energy scale. Moreover, it is just an effective
action for the perturbations, and in no sense represents the full field theory of the
dark energy.
2 Approaches to parameterizing dark sector perturbations
In this section we will provide a brief review of current approaches to studying gen-
eralized gravitational theories, concluding with a short discussion on the generalities
of our approach.
2.1 Parameterized post-Friedmannian approach
A popular way to parameterize the dark sector takes an “observational” perspective.
One can modify the equations governing the predictions of the Newtonian gravita-
tional potential Φ and shear σ by introducing extra functions space and time into
the relevant equations and then parametrizing these extra functions in an ad hoc
fashion. Since it is possible to explicitly observe Φ and σ via the evolution structure
and gravitational shear [23, 28, 29, 31, 42] (see also the more recent papers [43–45]),
one can then compare them with the predictions of particular ad hoc choice and
determine constraints on the deviation of a particular parameter from its value in
General Relativity.
– 3 –
One way of doing this is by modifying the Poisson and gravitational slip equa-
tions, introducing two scale- and time-dependent functions, Q = Q(k, a) and R =
R(k, a). The Poisson and gravitational-slip equations then become
k2Φ = −4piGQa2ρ∆, Ψ−RΦ = −12piGQa2ρ(1 + w)σ, (2.1)
where ∆ ≡ δ + 3Hθ(1 + w) is the comoving density perturbation, δ ≡ δρ/ρ the
density contrast, θ the velocity divergence field, w = P/ρ the equation of state and
σ is the anisotropic stress. When these equations are derived in GR one finds that
Q(k, a) = R(k, a) = 1, and so if, by comparison to data, either of these parameters
are shown to be inconsistent with unity, then deviations from GR can be established.
In [32, 46] it was shown that the two functions Q,R are not necessarily independent:
they can be linked by the perturbed Bianchi identity, depending on the structure of
the underlying theory.
2.2 Generalized gravitational field equations
Another way to investigate the dark sector takes a more theoretical standpoint, and is
based on a more consistent modification of the governing field equations. The method
stems from the fact that any modified gravity theory or model of dark energy can
be encapsulated by writing the generalized gravitational field equations
Gµν = 8piGTµν + Uµν , (2.2)
where Gµν is the Einstein tensor calculated from the spacetime metric, Tµν is the
energy-momentum tensor of all known species (radiation, Baryons, CDM etc) and
Uµν is a tensor which contains all unknown contributions to the gravitational field
equations, which we call the dark energy-momentum tensor [24, 25, 27].
Because the Bianchi identity automatically holds for the Einstein tensor,∇µGµν =
0, in the standard case where the known and unknown sectors are decoupled (that is
∇µT µν = 0) we have the conservation law
∇µUµν = 0. (2.3)
This represents a constraint equation on the extra parameters and functions that
may appear in a parameterization of the dark sector at the level of the background.
At perturbed order, the parameterization of δUµν is constrained by the perturbed
conservation law
δ(∇µUµν) = 0. (2.4)
The shortcoming of this approach is that one must supply the components of δUµν .
Skordis [27] does this by expanding the components δUµν in terms of pseudo deriva-
tive operators acting upon gauge invariant combinations of metric perturbations, by
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imposing the principles that (a) the field equations remain at most second order and
(b) the equations are gauge-form invariant. A particular form of these components
were considered in [27]:
− a2δU00 = 1
a
AΦˆ, −a2δU0i = ∇i( 1a2BΦˆ), a2δU ii = C1Φˆ + C2 ˙ˆΦ + C3Ψˆ,(2.5a)
a2
[
δU ij − 13δijδUkk
]
= (∇i∇j − 13δij∇2)(D1Φˆ +D2 ˙ˆΦ +D3Ψˆ), (2.5b)
where O = {A,B, Ci,Di} is a set of pseudo differential operators and {Φˆ, Ψˆ} are
gauge invariant combinations of perturbed metric variables. The possible form that
the elements of O can take is constrained by the perturbed Bianchi identity. For
instance, it was shown that C3 = D3 = 0 is one of the sufficient consistency relations.
A generalized version of this method can be found in [20, 32].
This scheme provides a way to compute and constrain observables without ever
having to write down an explicit theory for the dark sector. There appears to be,
however, a weakness in the current formulation of this strategy: there does not seem
to be a physically obvious way to interpret the O; for example, if one were to find
that C3 = 0 is “required” for consistency with observational data, what does that
impose physically upon the system? It is exactly this issue we address in this paper.
2.3 Effective action approach
The generalized gravitational field equations (2.2) can be constructed from an action
S =
∫
d4x
√−g
[
R + 16piGLm − 2Ld
]
. (2.6)
The matter Lagrangian density Lm contains all known matter fields (e.g. baryons,
photons) and is used to construct the known energy momentum tensor T µν , and
the dark sector Lagrangian density Ld contains all “unknown” contributions to the
gravitational sector, and will be used to construct the dark energy momentum tensor
Uµν . One can define
T µν ≡ 2√−g
δ
δgµν
(
√−g Lm), Uµν ≡ − 2√−g
δ
δgµν
(
√−g Ld). (2.7)
The dark sector Lagrangian may contain known fields in an unknown configuration
or extra fields, but of course we do not know a priori what the dark sector Lagrangian
density is.
Two simple cases are (i) a slowly-rolling minimally coupled scalar field parame-
terized by a potential, V (φ), and (ii) a modified gravity model parameterized by a
free function of the Ricci scalar, F (R). There are restrictions on the form of both
of these functions to achieve acceleration, but once they have been applied there is
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still considerable freedom in the choices of V (φ) and F (R) and wide ranges of be-
haviour of the expansion history, a(t), can be arranged for particular choices of the
functions. One would expect this to be the case in any self consistent dark energy
model compatible with FRW metric and therefore it might seen reasonable to make
the assumption that the dark stress-energy-momentum tensor Uµν = ρuµuν + Pγµν
where w(a) = P/ρ is in 1-1 correspondence with a(t). The important question, which
we are concerned with, is how to parametrize the perturbations δUµν in a general
way based on some general physical principle. In this way our approach is similar to
that discussed in section 2.2
The overall ethos which we advocate is to write down an effective action, inspired
by the approach that is taken in particle physics (see, e.g. [47]) where, for example,
the most general modifications to the standard model are written down for a given
field content that are compatible with some assumed symmetry/symmetries. Then
all the free coefficients are constrained by experiment. In our case, we will specify
the field content of the dark sector, for example, scalar or vector fields, and write
down a general quadratic Lagrangian density for the perturbed field variables which
is sufficient to generate equations of motion for linearized perturbations. We will
also make the assumption that the spatial sections are isotropic which substantially
reduces the number of free coefficients.
3 Formalism
3.1 Second order Lagrangian
The underlying principle behind our method is to write down a effective Lagrangian
density for perturbed field variables. If our theory is constructed from a set of field
variables {X (A)}, then we write each field variable as a linearized perturbation about
some background value,
X (A) = X¯ (A) + δX (A). (3.1)
The action for the perturbed field variables {δX (A)} is computed by integrating a
Lagrangian density which is quadratic in the perturbed field variables. If there are
“N” perturbed field variables, the effective Lagrangian density for the perturbed field
variables is given by
Leff(δX (C)) =
N∑
A=1
N∑
B=1
GABδX
(A)δX (B), (3.2)
where GAB = GAB(X¯
(C)) is a set of arbitrary functions only depending on the back-
ground field variables; clearly, GAB = GBA. To obtain the equation of motion of the
perturbed field variables {δX (A)} we must induce some variation in the {δX (A)} and
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subsequently demand that Leff is independent of these variations. If we vary the
perturbed field variables with a variational operator δˆ,
δX (A) → δX (A) + δˆ(δX (A)), (3.3)
then the effective Lagrangian will vary according to Leff → Leff + δˆLeff , where
δˆLeff = 2
N∑
A=1
N∑
B=1
GABδX
(A)δˆ(δX (B)). (3.4)
The demand that the effective Lagrangian is independent of these variations is the
statement that
δˆ
δˆ(δX (B))
Leff = 0, (3.5)
that is,
N∑
A=1
N∑
B=1
GABδX
(A) = 0. (3.6)
These equations provide the equations of motion of the perturbed field variables.
We will now show how to obtain the effective action for perturbations by directly
perturbing the background action.
We will consider an action of the form
S =
∫
d4x
√−g L, (3.7)
where g is the determinant of the spacetime metric, gµν , and L is the Lagrangian
density, which contains all fields in the theory. It will be useful to write the first and
second variations of the action as
δS =
∫
d4x
√−g ♦L, δ2S =
∫
d4x
√−g ♦2L, (3.8)
where “♦” is a useful measure-weighted pseudo-operator introduced in [48, 49] and
is defined by
♦nL ≡ 1√−g δ
n(
√−g L). (3.9)
We will only consider first perturbations of the field content of a theory. For the
action (3.7) we can use the well known result
1√−g δ
√−g = −1
2
gµνδg
µν = +
1
2
gµνδgµν , (3.10)
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to show that to quadratic order in the perturbations that the integrands in (3.8) are
given by
♦L = δL+ 1
2
Lgµνδgµν , (3.11a)
♦2L = δ2L+ gµνδgµνδL+ 1
4
L
(
gµνgαβ − 2gµ(αgβ)ν
)
δgµνδgαβ. (3.11b)
We treat the integrand of the second variation of the action, i.e. ♦2L, as the effec-
tive Lagrangian, Leff, for linearized perturbations, and it is called the second order
Lagrangian. The final term of (3.11b) is an effective mass-term for the gravitational
fluctuations δgµν which is always present even when the field which constitutes the
dark sector does not vary, i.e. when δL = δ2L = 0.
Although we will be providing various explicit examples later on in the paper, we
will briefly discuss how to write down ♦2L once the field content has been specified.
If the field content is {X, Y }, then we write L = L(X, Y ), and then ♦2L is written
down by writing all quadratic interactions of the perturbed fields with appropriate
coefficients,
♦2L = A(t)δXδX +B(t)δXδY + C(t)δY δY. (3.12)
Notice that we have moved from having complete ignorance of how the fields X, Y
combine to construct the Lagrangian density L to only requiring 3 “background”
functions, A(t), B(t), C(t) to be able to write ♦2L down. Typically, we would expect
these functions to be specified in terms of the scale factor a(t).
The theories we consider contribute to the gravitational field equations via the
dark energy-momentum tensor, Uµν , which we define in the usual way, (2.7). The
indices on the dark energy momentum tensor are symmetric by construction,
Uµν = Uνµ = U(µν), (3.13)
where tensor indices are symmetrised as A(µν) =
1
2
(
Aµν + Aνµ
)
. The dark energy-
momentum tensor above can be directly perturbed to give
δUµν = −1
2
[∑
A
(
δX (A)
1√−g
δ
δX (A)
δ
δgµν
(
√−g L)
)
+ Uµνgαβδgαβ
]
, (3.14)
where {δX (A)} are the perturbed field variables. This can be written in a more
succinct way by using the second order Lagrangian,
δUµν = −1
2
[
4
∂(♦2L)
∂(δgµν)
+ Uµνgαβδgαβ
]
. (3.15)
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Therefore, to obtain the gravitational contribution at perturbed order, due to our
effective Lagrangian for perturbed field variables, one must compute the derivative
of the second order Lagrangian with respect to the perturbed metric.
The equations of motion for a field X and its perturbation δX are found by
regarding L and ♦2L as the relevant Lagrangian densities. Explicitly, the equations
of motion for the field X and its perturbation, δX, are respectively given by
∂µ
(
∂L
∂(∂µX)
)
− ∂L
∂X
= 0, ∂µ
(
∂(♦2L)
∂(∂µδX)
)
− ∂(♦
2L)
∂δX
= 0. (3.16)
The equations of motion governing the perturbation to the metric, δgµν , are given
by the perturbed gravitational field equations,
δGµν = 8piGδTµν + δUµν . (3.17)
The perturbed conservation law for the dark energy-momentum tensor is
δ(∇µUµν) = 0, (3.18)
which can be written as
∇µδUµν + 1
2
[
Uµνgαβ − Uαβgµν + 2gνβUαµ
]
∇µδgαβ = 0. (3.19)
3.2 Isotropic (3+1) decomposition
We will impose isotropy of spatial sections on the background spacetime. The mo-
tivation for doing this is that our goal is to study perturbations about an FRW
background. After imposing isotropy we are able to use an isotropic (3+1) decompo-
sition to significantly simplify expressions. It is also possible to include anisotropic
backgrounds as described in [36].
We will foliate the 4D spacetime by 3D surfaces orthogonal to a time-like vector
uµ, which is normalized via
uµuµ = −1. (3.20)
This induces an embedding of a 3D surface in a 4D space. The 4D metric is gµν and
the 3D metric is γµν , and they are related by
γµν = gµν + uµuν . (3.21)
The foliation implies that the time-like vector is orthogonal to the 3D metric,
uµγµν = 0. (3.22)
The foliation induces a symmetric extrinsic curvature, Kµν ≡ ∇µuν , which is entirely
spatial, uµKµν = 0. We can use this to deduce that ∇µγαβ = 2Kµ(αuβ).
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A common application of the (3+1) decomposition is to write down the only
energy-momentum tensor compatible with the globally isotropic FRW metric,
Tµν = ρuµuν + Pγµν . (3.23)
There are only two “coefficients” used in the decomposition of the energy-momentum
tensor: the energy-density ρ and pressure P ,
ρ = uµuνTµν , P =
1
3
γµνTµν . (3.24)
Writing a tensor as a sum over combinations of uµ and γµν defines the isotropic
(3+1) decomposition. We will now show how to decompose tensors of higher rank.
For example, an isotropic vector is completely decomposed as
Aµ = Auµ, (3.25)
where A = A(t). Notice that before we imposed isotropy upon Aµ we would need
4 functions to specify all “free” components of Aµ; by imposing isotropy we have
reduced the number of “free” functions from 4 → 1. A symmetric rank-2 isotropic
tensor is completely decomposed as
Bµν = B1uµuν +B2γµν = Bνµ, (3.26)
where B1 = B1(t), B2 = B2(t). The time-like part of Bµν is B1 and the space-like part
is B2. A rank-3 tensor symmetric in its second two indices is completely decomposed
as
Cλµν = C1uλγµν + C2uλuµuν + C3γλ(µuν) = Cλνµ. (3.27)
This formalism can also be used to construct tensors which are entirely spatial. For
example, a rank-4 tensor defined as
Dµναβ = D1γµνγαβ +D2γµ(αγβ)ν , (3.28)
is entirely spatial, a fact which is manifested by uµDµναβ = 0, after one notes the
symmetries in the indices Dµναβ = D(µν)(αβ) = Dαβµν .
The coefficients which appear in an isotropic decomposition can only have time-
like derivatives. For the coefficients B1, B2 in (3.26) we have
∇µB1 = −B˙1uµ, ∇µB2 = −B˙2uµ, (3.29)
where an overdot is used to denote differentiation in the direction of the time-like
vector: X˙ ≡ uµ∇µX.
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3.3 Perturbation theory
We will be making substantial use of perturbation theory in this paper, and so here
we will take the time to concrete the notation and terminology we use. A large
portion of the technology we are about to discuss was developed, amongst other
things, to model relativistic elastic materials [36, 37, 50–60]; we will recapitulate the
ideas and bring the technology into the language of perturbation theory to be used
with a gravitational theory.
A quantity Q is perturbed about a background value, Q¯, as Q = Q¯ + δQ. For
example, the metric perturbed about a background g¯µν is written as
gµν = g¯µν + δgµν . (3.30)
It is important to realize that the operation of index raising and lowering does not
commute with the variation. For example, δgµν = −gµ(αgβ)νδgαβ for the metric and
δ(∇µφ) = gµν∇νδφ+ δgµν∇νφ for the derivative of a scalar field φ.
Consider a quantity which is perturbed about some background value, Q(t,x) =
Q¯(t) + δQ(t,x). We can then employ two classes of coordinate system to follow
the perturbation δQ through evolution; time evolution can be thought of as Lie-
dragging a quantity along a time-like vector, uµ, to “carve out” the world-line of the
perturbation, i.e. operating on a quantity with £u. The first is where the density
of the perturbations remains fixed (i.e. the coordinate system evolves to comove
with the perturbations); this is a Lagrangian system. In the second, the coordinate
system is fixed by some means (such as knowledge of the background geometry)
and the density of the perturbations changes; this is an Eulerian system. We write
perturbations in the Lagrangian system as δL and perturbations in the Eulerian
system as δE. Evidently, a coordinate transformation can be used to transfer between
the two systems, xµ → xµ + ξµ. The Eulerian and Lagrangian variations are linked
by
δL = δE + £ξ, (3.31)
where £ξ is the Lie derivative along the gauge field ξ
µ. This setup is schematically
depicted in Figure 1.
Without loss of generality we can set the gauge field ξµ and time-like vector uµ
to be mutually orthogonal,
ξµuµ = 0. (3.32)
This is because the time-like transformations which the component ξ0 could induce
are world-line preserving, and are redundant when uµ is present (which is inherently
a world-line preserving evolution). See Figure 2 for a schematic view illustrating this
point.
– 11 –
Lagrangian, δL Eulerian, δE
Evolve,£u
Gauge transformation,£ξ
Figure 1. Schematic view of the Eulerian and Lagrangian coordinate systems. The
Lagrangian system can be said to be comoving, and the Eulerian system as being fixed.
The Lagrangian system retains the density of a field, whereas the Eulerian system does not.
This is schematically depicted by the “grid square” becoming deformed in the Lagrangian
system on the left, to accommodate the movement of “particles” upon evolution in time.
The grid square in the Eulerian system has remained fixed, meaning that the number
of particles in a given square changes upon evolution. In cosmology we are perturbing
against a fixed background: the FRW background, however calculations are often easier to
perform in a comoving system. This means that physical relevance is taken from equations
perturbed according to a Eulerian scheme.
There is an important question which arises: which perturbation scheme should
we use to derive cosmologically relevant results, i.e. which δ should we use: δE or
δL? In cosmological perturbation theory a quantity is perturbed from its value in a
fixed (or known) background (such as its value in an FRW background). Therefore,
equations should be perturbed relative to a fixed background, and so we should
employ the Eulerian scheme.
The equation of motion governing the metric perturbations is
δEGµν = 8piGδETµν + δEUµν , (3.33)
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ξµ
uµ
X(t, xi + ξi)
X(t, xi)
X(t+ u0, xi + ξi)
X(t+ u0, xi)
Figure 2. Schematic view of the foliation and evolution, with three example world-lines
drawn on, each piercing two 3D surfaces; uµ is a time-like vector satisfying uµuµ = −1. A
quantity X on a surface with spacetime location (t, xi) can be transformed into a quantity
on the same surface but at a different location by transforming the coordinate on the
surface, xi → xi + ξi. This is a diffeomorphism which drags one world-line into another.
If the time coordinate is transformed t → t + u0 then the quantity is evaluated on a
different 3d surface, but on the same world-line. Thus, if we were to have a transformation
xµ → xµ+ξµ+χuµ, where χ is an arbitrary scalar field, the time-like part of ξµ is redundant.
Hence, we are free to set ξµuµ = 0, fixing the time-like part of the diffeomorphism field to
be zero. So, we should have the interpretation that ξµ moves between world-lines and uµ
moves along world-lines.
and the perturbed conservation law that should be solved is the one evaluated in a
Eulerian system,
δE
(∇µUµν) = 0, (3.34)
which can be written as
∇µδEUµν + 1
2
[
Uµνgαβ − Uαβgµν + 2gνβUαµ
]
∇µδEgαβ = 0. (3.35)
If the Lagrangian variation of the dark energy-momentum tensor is the quantity
that is supplied, (i.e. δLU
µν is given), then one must be careful to use (3.31), to
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obtain the Eulerian perturbed quantity,
δEU
µν = δLU
µν − ξα∇αUµν + 2Uα(µ∇αξν). (3.36)
Furthermore, to obtain the components of the mixed Eulerian perturbed dark energy-
momentum tensor, one must use
δEU
µ
ν = gανδEU
µα + UµαδEgνα. (3.37)
The Lagrangian and Eulerian perturbations of the metric are linked by
δEgµν = δLgµν − 2∇(µξν). (3.38)
For a vector field Aµ one finds that
δEA
µ = δLA
µ − ξα∇αAµ + Aα∇αξµ. (3.39)
As final explicit example, the Eulerian and Lagrangian variations of a scalar field φ
are linked via
δEφ = δLφ− ξµ∇µφ. (3.40)
An interesting lemma is that if ∇µφ ∝ φ˙uµ then by (3.32) we find that the Eulerian
and Lagrangian variations of a scalar field are identical, δEφ = δLφ. This means
that a diffeomorphism does not change the perturbations of the scalar field; this is a
consequence of the background field being homogeneous.
4 No extra fields: L = L(gµν)
Our first and simplest example is where the dark sector does not contain any extra
fields: only the metric is present, albeit in an arbitrary combination. This class
of theories contains the cosmological constant and elastic dark energy [37, 57], and
will also include more general theories that have not been previously considered. In
this section we do not allow the dark sector to contain derivatives of the metric –
this is discussed in a subsequent section. One of the aims is to build an intuition
for understanding how to write down perturbative quantities and how to decompose
tensors which arise in the perturbative equations.
The Lagrangian density we will consider in this section is of the form
L = L(gµν), (4.1)
so that the second order Lagrangian is given by
♦2L = 1
8
WµναβδLgµνδLgαβ. (4.2)
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The rank-4 tensorWµναβ is only a function of background quantities, and is therefore
manifestly gauge invariant. We can use (3.15) and (4.2) to show that the perturba-
tions to the dark energy momentum tensor are given by
δLU
µν = −1
2
{
Wαβµν + gαβUµν
}
δLgαβ. (4.3)
By inspecting (4.2) it follows that the tensorWαβµν enjoys the following symmetries,
Wαβµν =W(αβ)(µν) =Wµναβ. (4.4)
This shows us how to construct the Lagrangian perturbations to the generalized
gravitational field equations, under the assumption that the dark sector Lagrangian
is a function of the metric only. Because it is the Lagrangian variation which ap-
pears above we must convert to Eulerian variations to obtain cosmologically relevant
perturbations. By using (3.38) and (3.36) in (4.3) we obtain
δEU
µν = −1
2
{
Wαβµν + gαβUµν
}(
δEgαβ + 2∇(αξβ)
)− ξα∇αUµν + 2Uα(µ∇αξν).
(4.5)
To find the equation of motion of the vector field, ξµ, we must compute the
Eulerian perturbed Bianchi identity. Substituting (4.5) into (3.35) we obtain
2
[
Lµαβν
]
∇µ∇αξβ + 2
[
∇σWσνµα
]
∇µξα + 2
[
∇µ∇αUµν
]
ξα = δEJ
ν , (4.6a)
where, for convenience, we have defined
Lµαβν ≡
[
Wµναβ + gαβUµν − 2Uα(µgν)β
]
, (4.6b)
and where the perturbed source term, δEJ
ν , is given by
δEJ
ν ≡
[
2gνβUαµ − Uαβgµν −Wµναβ
]
∇µδEgαβ −
[
∇µWµναβ
]
δEgαβ. (4.6c)
Here we observe that the metric perturbations δEgµν and the diffeomorphism field
ξµ are intimately linked: one cannot consistently set either to zero. The equation
(4.6) is the constraint equation for any parameters/functions that appear in a param-
eterization of the dark sector, under the rather general assumption that L = L(gµν);
the only freedom that remains is how to construct Wµναβ out of background quan-
tities. In Section 6 we will provide the components of the equation of motion for a
perturbed FRW spacetime.
The only way to write the tensors Uµν ,Wαβµν with an isotropic (3+1) decompo-
sition which respects the symmetries (4.4) is
Uµν = ρuµuν + Pγµν , (4.7a)
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Wµναβ = AWuµuνuαuβ +BW
(
γµνuαuβ + γαβuµuν
)
+2CW
(
γµ(αuβ)uν + γν(αuβ)uµ
)
+ Eµναβ, (4.7b)
where Eµναβ respects the same symmetries asWµναβ, satisfies uµEµναβ = 0 (i.e. Eµναβ
is entirely spatial) and is given by
Eµναβ = DWγµνγαβ + 2EWγµ(αγβ)ν . (4.7c)
A concrete example of a theory which only contains the metric is the elastic dark
energy theory [37, 57] where one can find that the coefficients in terms of physical
quantities such as energy density ρ, pressure P , bulk β and shear moduli µ are given
by
AW = −ρ, BW = P, CW = −P, (4.8a)
DW = β − P − 2
3
µ, EW = µ+ P, (4.8b)
where the bulk modulus is defined via β ≡ (ρ + P )dP
dρ
, and the pressure and shear
modulus are functions of the density P = P (ρ), µ = µ(ρ) (e.g. one way to choose
these functional dependancies is with an “equation of state”, w and µˆ, so that P =
wρ, µ = µˆρ).
In this section we have identified that just five functions are required to specify
the perturbations in the dark sector when no extra fields are present. These five
functions are
X =
{
AW , BW , CW , DW , EW
}
(4.9)
and each function only depends on background quantities and are governed by the
background evolution.
5 Scalar fields: L = L(gµν, φ,∇µφ)
The second example is when the dark sector contains an arbitrary combination of
scalar field φ, the first derivative of the field ∇µφ, and the metric gµν . This en-
compasses scalar field theories such as quintessence and k-essence, but we could also
encompass a range of other possible theories.
For a Lagrangian density given by
L = L(gµν , φ,∇µφ), (5.1)
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the second order Lagrangian is given by
♦2L = A(δLφ)2 + BµδLφ∇µδLφ+ 1
2
Cµν∇µδLφ∇νδLφ
+
1
4
[
Yαµν∇αδLφδLgµν + VµνδLφδLgµν + 1
2
WµναβδLgµνδLgαβ
]
. (5.2)
The coefficients above comprise: one scalar A, one vector Bµ, two rank-2 tensors
Cµν ,Vµν , one rank-3 tensor, Yαµν and one rank-4 tensor Wµναβ, all of which are only
functions of background quantities and are therefore gauge invariant. At first sight
these are all independent quantities, but we will show later that the conservation
and Euler-Lagrange equations can be used to link the quantities. By inspecting (5.2)
these tensors enjoy the following symmetries,
Cµν = C(µν), Yαµν = Yα(µν), Vµν = V(µν), (5.3a)
Wαβµν =W(αβ)(µν) =Wµναβ. (5.3b)
In what follows we will assume γµν∇µφ = 0 (alternatively this can be stated
as ξµ∇µφ = 0), so that δEφ = δLφ. This is the covariant statement that ∇µφ is
entirely time-like, while using the fact that the diffeomorphism is entirely space-like.
Therefore, because the Eulerian and Lagrangian perturbations of a scalar field are
identical we will not distinguish between them and we will write δφ ≡ δEφ = δLφ.
The equation of motion of the perturbed scalar field, δφ, is given by the Euler-
Lagrange equation (3.16). Using (5.2) one finds
Cµν∇µ∇νδφ+
(∇µCµν)∇νδφ+ (∇µBµ − 2A)δφ = δES, (5.4)
where the “perturbed source” piece, δES, is given by
δES ≡ 1
4
[(Vαβ −∇µYµαβ)δLgαβ − Yµαβ∇µδLgαβ], (5.5)
where δLgαβ = δEgαβ + 2∇(αξβ). We note that Cµν plays the role of an “effective
metric”, due to its resemblance to the corresponding term in the perturbed Klein-
Gordon equation, namely gµν∇µ∇νδφ, and there is also an effective mass of the
δφ-field, M2eff = ∇µBµ − 2A.
The isotropic (3+1) decomposition of the coefficientsA,Bµ, Cµν ,Vµν ,Yαµν , whilst
respecting the symmetries (5.3), is
A = AA, (5.6a)
Bµ = ABuµ, (5.6b)
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Cµν = ACuµuν +BCγµν , (5.6c)
Vµν = AVuµuν +BVγµν , (5.6d)
Yαµν = AYuαuµuν +BYuαγµν + 2CYγα(µuν). (5.6e)
The decompositions of Uµν ,Wαβµν are identical to those given in eq.(4.7).
Only the terms in (5.2) which involve δLgµν are relevant for writing down the
perturbations to the dark energy-momentum tensor. We obtain
δLU
µν = −1
2
{
Vµνδφ+ Yαµν∇αδφ
}
− 1
2
{
Wαβµν + gαβUµν
}
δLgαβ. (5.7)
The Eulerian perturbed conservation law (3.35) can be computed using (5.7). We
obtain
Yαµν∇µ∇αδφ+
(Vνα +∇µYαµν)∇αδφ+∇µVµνδφ = δEJν + 2Eν , (5.8)
where δEJ
ν is given by (4.6c), and Eν represents the wave equation for ξµ and is
given by
Eν ≡ −[Lµαβν]∇µ∇αξβ − [∇µWµναβ]∇αξβ − [∇µ∇αUµν]ξα. (5.9)
Equation (5.8) is an evolution equation for the scalar field perturbation δφ, sourced by
the metric perturbations, δEgµν , and the vector field, ξ
µ. The scalar field perturbation
sources the equation of motion for δEgµν ,(3.33), via the components δEU
µ
ν . In general
one cannot consistently solve the evolution equations for δφ independently from those
for the vector field ξµ; we will soon show how these two fields might decouple, but
the decoupling only occurs in special cases.
The perturbed Euler-Lagrange equation (5.4) and perturbed conservation law
(5.8) are both evolution equations for δφ, and both have apparently different co-
efficients, resulting in an over-determined system. We can choose to remove this
apparent over-determination by “forcing” the time-like (i.e. scalar) part of the per-
turbed conservation law to be identical to the perturbed Euler-Lagrange equation. It
is important to realize that the perturbed conservation law is a vector equation, and
only one of its components can be set equal to the perturbed Euler-Lagrange equa-
tion; the other components of the vector equation will introduce a set of constraint
equations.
When we contract the perturbed Bianchi identity with a time-like vector τµ =
ωuµ (where∇µω = −uµω˙), we can read off a set of conditions that link the coefficients
appearing in the Euler-Lagrange equation (5.4) and the perturbed Bianchi identity
(5.8). Doing this we obtain the linking conditions
Cµα = τνYαµν , (5.10a)
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∇µCµα = τν
(Vνα +∇µYαµν), (5.10b)
∇µBµ − 2A = τν∇µVµν , (5.10c)
δES = τν
(
δEJ
ν + 2Eν
)
. (5.10d)
We see, therefore, that the coefficients {A,Bµ, Cµν} and {Vµν ,Yαµν ,Wαβµν} that
appear in ♦2L (5.2) are not independent, which is now obvious from (5.10). By
differentiating (5.10a) and comparing with (5.10b) one finds that
uµuνYαµνω˙ − (KµνYαµν − uνVνα)ω = 0, (5.11)
where Kµν = ∇µuν is the induced extrinsic curvature and an overdot is used to
denote differentiation along the time-like vector.
The (3+1) decomposition introduces some interesting structure and can be used
to explicitly evaluate the linking conditions (5.10). From (5.10a) we find that
AC = −ωAY , BC = −ωCY . (5.12)
After combining (5.10a) and (5.10b) to yield (5.11) we find that
ω˙AY − (AV +KBY)ω = 0. (5.13)
In a similar fashion, it follows from (5.10c) that
A = 1
2
[
A˙B + ωA˙V +K
(
AB + AV +BV
)]
, (5.14)
where K = Kµµ.
One can think of ξµ as being an “artificial” vector field whose role was to restore
reparameterization invariance, and it would therefore be desirable to have a theory
that does not require ξµ to be present and reparameterization invariance is manifest.
We will derive conditions that the tensors in the Lagrangian must satisfy in order
for reparameterization invariance to be manifest.
We can rewrite the Lagrangian with the vector field ξµ explicitly present to
show how the three fields {δEgµν , δφ, ξµ} interact and how the parameters can be
arranged so that they ultimately decouple. To ease our calculation we will write
hµν ≡ δEgµν , We use (3.38) to replace δLgµν with hµν + 2∇(µξν) in the Lagrangian
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(5.2). Rearranging, whilst keeping track of total derivatives yields
♦2L = A(δφ)2 + Bµδφ∇µδφ+ 1
2
Cµν∇µδφ∇νδφ+ 1
4
[
1
2
Wµναβhαβ
]
hµν
+
1
4
[
Vµνδφ+ Yαµν∇αδφ
]
hµν − 1
2
ξν
[
(∇µWµναβ)hαβ +Wµναβ∇µhαβ
]
−1
2
ξν
[
Yαµν∇µ∇αδφ+ (Vαν +∇βYαβν)∇αδφ+ (∇µVµν)δφ
]
−1
2
ξν
[
4(∇µWµναβ)∇αξβ + 4Wµναβ∇µ∇αξβ
]
+
1
2
∇α
[
ξβ
(Yµαβ∇µδφ+ Vαβδφ+Wµναβhµν + 2Wµναβ∇µξν)]. (5.15)
To enable us to identify the “free” and “interaction” Lagrangians, we note that (5.15)
can be written schematically as
♦2L = LA{2}[δφ] + LB{2}[hµν ] + LC{2}[ξα] + LD{2}[hµν , δφ]
+LE{2}[hµν , ξα] + LF{2}[δφ, ξα] +∇αSα, (5.16)
where L{2} of a single field variable represents the self-interaction of that field and
of two fields represents the interaction between the two fields. The final line of
(5.15) is a pure surface term, and will not contribute to the dynamics, and thus
does not require consideration in what we are about to discuss. However, if we
note the definition of Sµ and compare to the perturbed EMT (5.7), we find that
Sµ = −ξν(δLUµν + 12UµνgαβδLgαβ).
Notice that the perturbed scalar field, δφ, and vector field ξµ are coupled in the
Lagrangian, and only decouple when their interaction Lagrangian, LF{2}, vanishes.
This will remove the direct coupling but they may remain indirectly coupled if the
interaction Lagrangian for the perturbed metric and vector field remains non-zero
(i.e. if LE{2} 6= 0), since the perturbed metric and scalar field will remain coupled,
LD{2} 6= 0. So, the interaction Lagrangian between the vector field and perturbed
scalar field vanishes, i.e. LF{2} = 0, when
ξν
[
Yαµν∇µ∇αδφ+ (Vαν +∇βYαβν)∇αδφ+ (∇µVµν)δφ
]
= 0. (5.17)
For arbitrary values of the perturbed scalar field and vector field, this is satisfied by
the covariant conditions
ξνYαµν = 0, ξν(Vαν +∇βYαβν) = 0, ξν∇µVµν = 0. (5.18)
To find the decoupling conditions for the perturbed metric we realize that because
δE(∇µUµν) = 0,
ξνδE(∇µUµν) = 0 (5.19)
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is an identity. If we contract (5.8) with ξµ and use (5.17) then
ξνδEJ
ν + 2ξνE
ν = 0, (5.20)
where δEJ
µ and Eµ are given respectively by (4.6c) and (5.9). Inserting these defi-
nitions of δEJ
ν , Eν into (5.20) yields
ξν(Wµναβ + Uαβgµν − 2gνβUµα)∇µhαβ + (ξν∇µWµναβ)hαβ
+2ξνL
µαβν∇µ∇αξβ + 2(ξν∇µWµναβ)∇αξβ + 2(ξν∇µ∇αUµν)ξα = 0. (5.21)
For arbitrary values of hµν , the decoupling of ξ
µ from hµν occurs when the coefficients
of ∇µhαβ, hαβ vanish, which occurs when the covariant conditions
ξν(Wµναβ + Uαβgµν − 2gνβUµα) = 0, ξν∇µWµναβ = 0 (5.22)
are satisfied.
Inserting the (3+1) decomposition into (5.18) and (5.22) allows us to evaluate
the decoupling conditions. This yields
ξνYαµν = BYuαξµ + CYuµξα, (5.23a)
ξν(Vαν +∇βYαβν) =
[
C˙Y + CYK +BV
]
ξα +
[
BY + CY
]
ξνK
αν , (5.23b)
ξν∇µVµν =
[
A˙V + (AV +BV)K
]
ξνu
ν = 0. (5.23c)
(BW + ρ)ξµuαuβ + 2(CW − ρ)ξ(αuβ)uµ + (DW + P )ξµγαβ + 2(EW − P )ξ(αγβ)µ = 0,
(5.24a)
2
[
C˙W +K(CW + EW)
]
u(αξβ) + 2
[
BW + CW +DW + EW
]
ξµK(αµu
β) = 0.
(5.24b)
Note that (5.23c) gives us no information since uµξµ = 0. Hence, we conclude that
the decoupling conditions (5.23, 5.24) are satisfied by the parameter choices
C˙Y + CYK +BV = 0, BY = −CY . (5.25a)
BW = −ρ, CW = ρ, DW = −P, EW = P, (5.25b)
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C˙W +K(CW + EW) = 0, BW + CW +DW + EW = 0. (5.25c)
When (5.25b) is used the first condition of (5.25c) becomes
ρ˙+K(ρ+ P ) = 0, (5.26)
and the second is satisfied identically.
The process of identifying the time-like part of the perturbed conservation law
with the Euler-Lagrange equation has reduced the number of functions required to
specify ♦2L from 14→ 11. The eleven functions are{
AB, AW , BW , CW , DW , EW , AV , BV , AY , BY , CY
}
, (5.27)
as well as the energy density ρ and pressure P of the dark sector “fluid”. Imposing
reparameterization invariance as well, these eleven functions reduce to just five:{
AB, AW , AV , AY , CY
}
. (5.28)
Later on we will show that AB does not affect the cosmological dynamics, and
AW becomes irrelevant in the synchronous gauge. This means that there are just
three free functions left to completely specify the dark sector perturbations for a
reparameterization-invaraiant scalar field theory.
In Appendix A we provide the explicit calculation for computing ♦2L and δLUµν
in a kinetic scalar field theory L = L(X , φ), where X = −1
2
gµν∇µφ∇νφ is the kinetic
term of a scalar field. In Table 1 we give a summary of the functions that appear in
the decomposition of δLU
µν for some explicit scalar field theories; in these examples
it is natural to see that upon specifying a scalar field theory the time evolution of
the various functions is set. For a canonical scalar field theory, L = X − V (φ), the
functions are given by
ρ =
1
2
φ˙2 + V, P =
1
2
φ˙2 − V, (5.29a)
AV = −BV = −2V ′, (5.29b)
AY = BY = −CY = −2φ˙, (5.29c)
AW = −(2ρ+ P ), BW = −CW = −ρ, DW = −EW = −P, (5.29d)
where an overdot is understood to denote differentiation with respect to time and
V ′ = dV/dφ. Using (5.29) and taking ω = 1/φ˙ it transpires that (5.11) is the
Klein-Gordon equation.
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Function (a) EDE (b) L = L(φ,X ) (c) L = F (X ) (d) L = X − V (φ)
AV 0 −2(L,Xφφ˙2 − L,φ) 0 −2V ′
BV 0 −2L,φ 0 2V ′
AY 0 −2(L,XX φ˙3 + L,X φ˙) −2(F ′′φ˙2 + F ′φ˙) −2φ˙
BY 0 −2L,X φ˙ −2F ′φ˙ −2φ˙
CY 0 2L,X φ˙ 2F ′φ˙ 2φ˙
AW −ρ −(L,XX φ˙4 + 2ρ+ P ) −(F ′′φ˙4 + 2ρ+ P ) −(2ρ+ P )
BW P −ρ −ρ −ρ
CW −P ρ ρ ρ
DW β − P − 23µ −P −P −P
EW µ+ P P P P
Table 1. Collection of the functions in the decomposition of δLU
µν . The theories we
have presented are: (a) elastic dark energy, (b) generic kinetic scalar field theory, (c) k-
essence and (d) canonical scalar field theory. It is interesting to realize that the theories
with L = L(gµν) are subsets of theories with L = L(gµν , φ,∇µφ). Comma denotes partial
differentiation (e.g. L,φ = ∂L/∂φ), prime denotes differentiation with respect the functions
single argument: F ′ = dF/dX , V ′ = dV/dφ and an overdot denotes differentiation with
respect to time; for conformal time coefficients one should replace φ˙ → φ˙/a. The free
function AB does not appear in the decomposition of δLUµν , but for the sake of completeness
its value in an L = L(φ,X )-theory is AB = −L,φX φ˙ and in the cases (c, d), AB = 0.
6 Cosmological perturbations
In this section we provide explicit expressions for the components of δEU
µ
ν and the
perturbed conservation equation specialized to the case of an FRW background. We
will pay special attention to the scalar field theory, where we will show how the vector
field ξµ decouples from the equation of motion for δφ.
We will perturb the line element about a conformally flat FRW background, and
write
ds2 = a2(τ)
[
− (1− 2Φ)dτ 2 + 2Nidxidτ + (δij + hij)dxidxj
]
. (6.1)
This means that we are setting the components of the Eulerian perturbed metric to
δEg00 = 2a
2(τ)Φ(τ,x), δEg0i = a
2(τ)Ni(τ,x), δEgij = a
2(τ)hij(τ,x). (6.2)
The time-like vector is given by uµ = a(τ)(−1, 0, 0, 0), and we set ξµuµ = 0. All
functions (5.27) are only functions of time. The background conservation equation
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∇µUµν = 0 becomes
ρ˙+ 3H(ρ+ P ) = 0, (6.3)
where an overdot denotes derivative with respect to conformal time τ and H is the
conformal time Hubble parameter. The components of δEU
µ
ν for the theory with
field content L = L(gµν , φ,∇µφ), (5.7), are given by
δEU
0
0 = (ρ+BW)
(
∂kξ
k +
1
2
h
)
+ (ρ+ AW)Φ +
1
2
(
AVδφ+
1
a
AY ˙δφ
)
, (6.4a)
δEU
i
0 = (CW − ρ)ξ˙i + (P + CW)N i + 1
2a
CY∂iδφ, (6.4b)
δEU
0
i =
(
ρ− CW
)(
ξ˙i +Ni
)
− 1
2a
CY∂iδφ, (6.4c)
δEU
i
j = −
{
(DW + P )
(
∂kξ
k +
1
2
h
)
+ (BW − P )Φ + 1
2
(
BVδφ+
1
a
BY ˙δφ
)}
δij
+(P − EW)
(
hij + ∂
iξj + ∂jξ
i
)
. (6.4d)
These are the sources to the equations governing the evolution of the metric per-
turbations, and can be used to obtain the components of δEU
µ
ν in the conformal
Newtonian and synchronous gauges.
We will now work in the synchronous gauge (by setting Φ = Ni = 0), and we will
study the more general theory L = L(gµν , φ,∇µφ), which will trivially encompass
the no-extra-fields case. The components δEU
µ
ν become
δEU
0
0 = (ρ+BW)
(
∂kξ
k +
1
2
h
)
+
1
2
(
AVδφ+
1
a
AY ˙δφ
)
, (6.5a)
δEU
i
0 = (CW − ρ)ξ˙i + 1
2a
CY∂iδφ, (6.5b)
δEU
i
j = −
{
(DW + P )
(
∂kξ
k +
1
2
h
)
+
1
2
(
BVδφ+
1
a
BY ˙δφ
)}
δij
+(P − EW)
(
hij + ∂
iξj + ∂jξ
i
)
. (6.5c)
The components of the Eulerian perturbed conservation law δE(∇µUµν) = 0, (5.8),
has a “scalar” ν = 0 component and a “vector” ν = i component. The ν = 0
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component of the perturbed conservation law (5.8) yields
AY δ¨φ+ CY∇2δφ+
[
A˙Y + aAV + (2AY + 3BY)H
]
˙δφ+ a
[
A˙V + 3H(AV +BV)
]
δφ
= −a
[
B˙W +H(3BW + 3DW + 2EW − 2P )
]
(h+ 2∂iξ
i)
+a
[
P −BW
]
h˙− 2a
[
CW +BW
]
∂iξ˙
i, (6.6a)
and the ν = i component yields[
ρ− CW
]
(ξ¨i +Hξ˙i)−
[
C˙W + 3H(CW + P )
]
ξ˙i
−
[
DW + EW
]
∂i∂kξ
k +
[
P − EW
]
∂k∂
kξi
=
1
2a
[
BY + CY
]
∂i ˙δφ+
1
2a
[
C˙Y + 3CYH + aBV
]
∂iδφ
−
[
P − EW
]
∂jhij +
1
2
[
DW + P
]
∂ih. (6.6b)
We observe that the “scalar” piece (6.6a) of the perturbed conservation law repre-
sents the evolution equation for the perturbed scalar field sourced by metric pertur-
bations and the vector field, and the “vector” piece (6.6b) constitutes an evolution
equation for the vector field, sourced by the perturbed scalar field and metric per-
turbations. Notice that nine functions are required to be specified to be able to
write down the components δEU
µ
ν and the perturbed conservation law: AV , BV ,
AY , BY , CY , BW , CW , DW , EW (note that AB, AW do not enter into these quantities).
We will now study the conditions under which ξµ and δφ decouple; this will
represent a simpler subset of theories, and will provide us with another understand-
ing how the decoupling conditions come about. It is useful to write the perturbed
conservation equation (6.6) as
C1δ¨φ+ C2∇2δφ+ C3 ˙δφ+ C4δφ = D1(h+ 2∂iξi) +D2h˙+D3∂iξ˙i, (6.7a)
F1ξ¨i + F2ξ˙i + F3∂i∂kξj + F4∂k∂kξi = G1∂ih+ G2∂jhij + G3∂iδφ+ G4∂i ˙δφ,(6.7b)
where the sets of coefficients {C(A),D(A),F(A),G(A)} can be read off from (6.6). The ξµ
and δφ decouple when all common terms in (6.7) vanish. This yields the conditions
D1 = D3 = 0 and G1 = G2 = G3 = G4 = 0. The former decoupling condition yields
B˙W +H(3BW + 3DW + 2EW − 2P ) = 0 (6.8a)
CW = −BW , (6.8b)
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and the latter decoupling condition yields
DW = −P, EW = P, BY = −CY . (6.8c)
C˙Y + 3CYH + aBV = 0. (6.8d)
We also require that
BW = −ρ (6.8e)
for decoupling to occur in the δEU
µ
ν . Combining (6.8a, 6.8c, 6.8e) yields the conser-
vation equation: ρ˙+ 3H(ρ+P ) = 0. These conditions are compatible with those we
derived covariantly, (5.25).
Applying the decoupling conditions (6.8) to the components δEU
µ
ν (6.5) we
obtain
δEU
0
0 =
1
2
(
AVδφ+
1
a
AY ˙δφ
)
, δEU
i
0 =
1
2a
CY∂iδφ, (6.9a)
δEU
i
j =
1
2a
(
(C˙Y + 3HCY)δφ+ CY ˙δφ
)
, (6.9b)
and to the perturbed conservation equation (6.6a) we obtain
AY δ¨φ+ CY∇2δφ+
[
A˙Y + aAV + (2AY − 3CY)H
]
˙δφ
+
[
aA˙V + 3aHAV − 3H(C˙Y + 3HCY)
]
δφ = a(ρ+ P )h˙. (6.10)
We now observe that only three functions are required to be specified: AV , AY , CY .
When the decoupling conditions are satisfied, one can consistently set ξµ = 0 and
reparameterization invariance is enforced. The theory is now equivalent to the theory
studied in [41], where reparameterization invariance was imposed from the implicitly.
6.1 No extra fields
For the theory with no extra fields, we can obtain the components of δEU
µ
ν and
those of the perturbed conservation law by ignoring all terms with δφ in (6.5) and
(6.6) respectively. The components δEU
µ
ν become
δEU
0
0 = (ρ+BW)
(
∂kξ
k +
1
2
h
)
, (6.11a)
δEU
i
0 = −(ρ− CW)ξ˙i, (6.11b)
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δEU
i
j = −(DW + P )
(
∂kξ
k +
1
2
h
)
δij + (P − EW)(hij + ∂iξj + ∂jξi). (6.11c)
The ν = i component of the perturbed conservation law becomes[
ρ− CW
](
ξ¨i +Hξ˙i)− [C˙W + 3H(CW + P )]ξ˙i − [DW + EW]∂i∂kξk
+
[
P − EW
]
∂k∂
kξi =
1
2
(DW + P )∂ih+ (EW − P )∂khik, (6.12)
and the ν = 0 component of the perturbed conservation law yields[
B˙W +H (3BW + 3DW + 2EW − 2P )
](
∂iξ
i +
1
2
h
)
+
[
CW +BW
]
∂iξ˙
i =
1
2
[
BW − P
]
h˙. (6.13)
We can use (6.13) to obtain a set of conditions that enforces the constraint
(6.13) on the ν = i component of the perturbed conservation equation. We set the
coefficients of (∂iξ
i + 1
2
h), ∂iξ˙
i, h˙ to zero and obtain
BW = −CW = P, (6.14a)
P˙ +H(P + 3DW + 2EW) = 0. (6.14b)
Applying these conditions to the components of δEU
µ
ν (6.11) we find
δEU
0
0 = (ρ+ P )
(
∂kξ
k +
1
2
h
)
, (6.15a)
δEU
i
0 = −(ρ+ P )ξ˙i, (6.15b)
δEU
i
j = −(DW + P )
(
∂kξ
k +
1
2
h
)
δij + (P − EW)(hij + ∂iξj + ∂jξi), (6.15c)
and the equation of motion (6.12) becomes[
ρ+ P
]
ξ¨i +H
[
ρ− 3DW − 2EW
]
ξ˙i − (DW + EW)∂i∂kξk − 1
2
(DW + P )∂ih
+(P − EW)
[
∂k∂
kξi + ∂khik
]
= 0. (6.16)
Hence, we see that after applying the conditions (6.14) there are only two free coef-
ficients which describe perturbations in the dark sector: DW and EW . Making the
choice which defines elastic dark energy, (4.8), one finds that (6.16) agrees with the
equation of motion for ξi given in [37].
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6.2 Scalar fields
As an explicit example, we can construct a theory where gµν and ∇µφ enter the field
content by combining into the kinetic scalar X ≡ −1
2
gµν∇µφ∇νφ, so that the field
content is L = L(φ,X ). In Table 1 we supplied the coefficients for this general kinetic
scalar field theory. The decoupling conditions (6.8b, 6.8c) are trivially satisfied, the
condition (6.8a) becomes
−
[
ρ˙+ 3H(ρ+ P )
]
= 0, (6.17)
which is always true, and (6.8d) becomes
− 2
a
[
L,X φ¨+ 2HL,X φ˙+ L,XX φ˙X˙ + L,φX φ˙2 − a2L,φ
]
= 0, (6.18)
which is the Euler-Lagrange equation that one can compute directly and therefore
vanishes identically. What this means is that for all scalar field theories of the form
L = L(φ,X ), the ξµ and δφ fields decouple (i.e. one can set ξµ = 0 consistently).
The components of the perturbed dark energy-momentum tensor become
δEU
0
0 =
1
2
(
AVδφ+
1
a
AY ˙δφ
)
, δEU
i
0 =
1
2a
CY∂iδφ, (6.19a)
δEU
i
j =
1
2a
(
(C˙Y + 3HCY)δφ+ CY ˙δφ
)
. (6.19b)
The ν = 0-component of the perturbed conservation law (6.6a) becomes
AY δ¨φ+ CY∇2δφ+
[
A˙Y + aAV + (2AY − 3CY)H
]
˙δφ
+
[
aA˙V + 3aHAV − 3H(C˙Y + 3HCY)
]
δφ = a(ρ+ P )h˙, (6.20)
which is the evolution equation for the perturbed scalar field (we have verified that
this reproduces known results) and only three functions are required to be specified:
AV , AY , CY , in addition to the equation of state, w.
7 Generalized perturbed fluid equations
Here we study parameterizations of the generalized perturbed fluid equations. The
main point of this section is to identify the entropy contribution, Γ, and anisotropic
stresses, ΠS,ΠV,ΠT, for the generalized dark theories we have discussed in this paper
which will allow us to make connections with observations, and to deduce whether
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or not the form of Γ suggested by [22, 23] is the most general way in which entropy
should be specified. We will continue to work in the synchronous gauge.
In [37, 61] the perturbed Bianchi identity, δ(∇µUµν) = 0, is given for scalar
perturbations in the synchronous gauge,
δ˙ = −(1 + w)
(
kv +
1
2
h˙
)
− 3HwΓ, (7.1a)
v˙ = −H(1− 3w)v + w
1 + w
kδ +
k
1 + w
wΓ− 2
3
w
1 + w
kΠS, (7.1b)
where w = P/ρ is the equation of state , δ = δρ/ρ is the density contrast, ΠS is the
scalar anisotropic source, and the entropy contribution is given by
wΓ =
(
δP
δρ
− w
)
δ, (7.2)
where for simplicity we have assumed constant w. If the entropy and anisotropic
stress can be specified in terms of the perturbed metric and fluid variables,
Γ = Γ(δ, δ˙, v, v˙, h, η), ΠS = ΠS(δ, δ˙, v, v˙, h, η), (7.3)
then the fluid equations (7.1) become closed. The expressions (7.3) constitute equa-
tions of state for dark sector perturbations.
In [22, 23] the fluid equations (7.1) are modified by introducing a gauge invariant
density contrast. Their modification is equivalent to parameterizing the entropy as
wΓ = (c2s − w)
(
δ + 3H(1 + w)v
k
)
. (7.4)
The important thing to notice here is that there is a single function which specifies
the entropy: the sound speed c2s . One should note that when w = −1 the entropy
contribution becomes wΓ = (c2s + 1)δ.
It is standard practice to decompose the perturbed energy-momentum tensor
with a density perturbation δρ, velocity perturbation vi, pressure perturbation δP
and anisotropic stresses piij,
δU00 = −δρ, δU i0 = −ρ(1 + w)vi, δU ij = δPδij + Ppiij, (7.5)
The tensor piij is traceless, so that
δU ii = 3δP, δU
i
j − 1
3
δijδU
k
k = Ppi
i
j. (7.6)
This last expression is a useful way to determine the transverse-traceless components
of a tensor.
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The scalar decomposition of the gauge field and metric perturbation is
ξi = ∂iξ
S, hij = Dijη +
1
3
hδij, Dij ≡ ∂i∂j − 1
3
δij∇2, (7.7a)
where Dij is a transverse-traceless spatial derivative operator, ∇2 is the spatial Lapla-
cian; the trace of the metric perturbation is h and the transverse-traceless part of
the metric perturbation is
hij − 1
3
δijh = Dijη. (7.7b)
The scalar decomposition of the perturbed fluid variables is
vi = ∂iθ, piij = DijΠ
S. (7.7c)
We have that ΠS is the scalar anisotropic perturbation, and θ is the scalar velocity
divergence perturbation. We will also decompose the vector and tensor pieces of
vectorial and tensorial quantities in the usual way; the equations for the vector and
tensor sectors are given in [37]. To summarise our decompositions:
ξµ → {ξS, ξV}, δEgµν → {h, η,HV, HT}, (7.8a)
δEU
µ
ν → {δ, θ, δP,ΠS, θV,ΠV,ΠT}. (7.8b)
As a final piece of notation, we will extract some of the time dependance of a
quantity by dividing out the density and write
Xˆ ≡ X
ρ
. (7.9)
A common example of this is using an equation of state to link the pressure and
density, w = P/ρ. We will not a priori assume that these “hatted” quantities are
constant, but it may well turn out that the problem significantly simplifies if this is
the case.
7.1 No extra fields
For the theory with field content L = L(gµν), one can use (6.11) to obtain the
perturbed fluid variables
δ = −(1 + B̂W)(∇2ξS + 1
2
h
)
, (7.10a)
θ =
1− ĈW
1 + w
ξ˙S, (7.10b)
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δP = −ρ
(
D̂W +
2
3
ÊW +
1
3
w
)(
∇2ξS + 1
2
h
)
, (7.10c)
ΠS = 2
w − ÊW
w
(
ξS +
1
2
η
)
, (7.10d)
θV =
1− ĈW
1 + w
ξ˙V, (7.10e)
ΠV =
ÊW − w
w
(kξV −HV), (7.10f)
ΠT =
w − ÊW
w
HT. (7.10g)
The entropy contribution (7.2) can be identified as
wΓ =
(
C − w)δ, (7.11)
where we defined
C ≡ DW +
2
3
EW + 13P
ρ+BW
. (7.12)
Hence, we observe that this theory is capable of supporting non-trivial scalar, vector
and tensor anisotropic and velocity sources. When one makes the parameter choice
corresponding to elastic dark energy (4.8) one obtains Γ = 0, which is in concordance
with the results in [37].
7.2 Scalar fields
For a theory with field content L = L(gµν , φ,∇µφ), one can use (6.5) to obtain the
perturbed fluid variables
δ = −(1 + B̂W)(∇2ξS + 1
2
h
)
− 1
2
(
ÂVδφ+
1
a
ÂY ˙δφ
)
, (7.13a)
θ = − 1
1 + w
[
(ĈW − 1)ξ˙S + 1
2a
ĈYδφ
]
, (7.13b)
δP = −ρ
[
D̂W +
2
3
ÊW +
1
3
w
](
∇2ξS + 1
2
h
)
− 1
2
(
BVδφ+
1
a
BY ˙δφ
)
, (7.13c)
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ΠS = 2
w − ÊW
w
(
ξS +
1
2
η
)
, (7.13d)
θV =
1− ĈW
1 + w
ξ˙V, (7.13e)
ΠV =
ÊW − w
w
(kξV −HV), (7.13f)
ΠT =
w − ÊW
w
HT. (7.13g)
One should notice that this theory is capable of supporting anisotropic stresses, with
ΠS,ΠV,ΠT 6= 0 in general.
The entropy contribution (7.2) is found to be
wΓ =
(
(1 + B̂W)D −Z
)(
∇2ξS + 1
2
h
)
− a(AD −B)(ĈW − 1)ξ˙S
+(D − w)δ − a(AD −B)(1 + w)θ, (7.14)
where we have defined three frequently appearing ratios,
D ≡ BY
AY
, A ≡ AV
CY
, B ≡ BV
CY
, (7.15)
and the combination,
Z ≡ 1
3
P̂ + D̂W +
2
3
ÊW . (7.16)
If we now apply the decoupling conditions (6.8) to (7.13, 7.14, 7.15), then we
find
δ = −1
2
(
ÂVδφ+
1
a
ÂY ˙δφ
)
, (7.17a)
θ = − 1
2a(1 + w)
ĈYδφ, (7.17b)
δP =
1
2a
(
(C˙Y + 3HCY)δφ+ CY ˙δφ
)
, (7.17c)
ΠS = θV = ΠV = ΠT = 0, (7.17d)
wΓ = (D − w)δ − a(AD −B)(1 + w)θ, (7.17e)
where
D = −CY
AY
, A =
AV
CY
, B = −C˙Y + 3HCY
aCY
. (7.18)
One should note that the anisotropic stress has now vanished. The perturbed fluid
variables for theories with L = L(X , φ) are special cases of (7.17). The expressions
(7.17d, 7.17e) are examples of equations of state for dark sector perturbations.
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7.3 Example scalar field theories
There are a number of explicit scalar field theories we will explicitly study which
will enable us to get a feel for the typical form of the functions which appear in the
entropy. The theories we consider have Lagrangian densities given by
L = F (X )V (φ), L = F (X )− V (φ). (7.19)
The first theory encompasses k-essence [17, 18], and the second theory encompasses
(for example) canonical scalar field theory.
It is useful to realize that the coefficients that appear in the decomposition of
δUµν for a generic kinetic scalar field theory L = L(φ,X ) can be written as
AV = −2
(
2XL,Xφ − L,φ
)
, BV = −2L,φ, (7.20a)
AY = −2
√
2X (2XL,XX + L,X ), BY = −CY = −2L,X√2X . (7.20b)
and the energy density and pressure are computed via
ρ = 2XL,X − L, P = L. (7.20c)
Our notation is F ′ ≡ dF/dX , V ′ ≡ dV/dφ.
For a theory described by L = F (X )− V (φ) one obtains
w = −
(
1− 2X F
′
F − V
)−1
, D =
(
1 + 2X F
′′
F ′
)−1
, (7.21a)
AD −B = − 2V
′
F ′
√
2X
(
1 + 2X F
′′
F ′
)−1(
1 + X F
′′
F ′
)
. (7.21b)
For the canonical scalar theory, L = X − V (φ), one obtains
D = 1, AD −B = − 2V
′
√
2X , (7.22)
where V ′ can be rewritten in terms of ρ˙ = −3Hρ(1+w) and w˙, to obtain the formula
wΓ = (1− w)
[
δ − 3H(1 + w)θ
]
− w˙θ. (7.23)
This is clearly of the same form as the expression suggested by [22, 23], (7.4) when
we take c2s = 1, w˙ = 0.
For a theory described by L = F (X )V (φ) one obtains
w = −
(
1− 2X F
′
F
)−1
, D =
(
1 + 2X F
′′
F ′
)−1
, (7.24a)
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AD −B = 2V
′
F ′
√
2X
F
V
(
1 + 2X F
′′
F ′
)−1[
1 + X
(
F ′′
F ′
− F
′
F
)]
. (7.24b)
It is interesting to note that two of the frequently appearing combinations are
XF ′
F
=
d logF
d logX ,
XF ′′
F ′
=
d logF ′
d logX , (7.25)
which are the logarithmic slopes of F and F ′ respectively and bear a resemblance to
“slow-roll” parameters. For a pure k-essence theory, L = F (X ), we have that V ′ = 0
and thus from (7.24) notice that the entropy becomes wΓ = (D−w)δ, which bears a
strong resemblance to the form of the entropy in the no extra fields case (7.11), but
it is not of the form suggested by [22, 23].
It is possible to construct a Lagrangian density which has a specific equation of
state. If we impose P = wρ upon (7.20c) then after trivial rearrangement we obtain
1
L
∂L
∂X =
1 + w
2wX , (7.26)
which can be integrated, yielding
L(X , φ) = V˜ (φ)e 12
∫
1+w
w
dX
X , (7.27)
where V˜ (φ) appears as a “constant of integration”. We can further impose w,X = 0,
perform the integral, and find
L(X , φ) = V (φ)X 1+w2w . (7.28)
This theory has been constructed to have an equation of state w which is independent
of the kinetic term. In this case one is able to deduce that
D = w, AD −B = 0, (7.29)
which means that the entropy for this particular theory vanishes.
7.4 Generalized parameterization of entropy contributions
Motivated by our results in the previous subsections, we write down an expression
for the parameterization of wΓ, which have been derived from the second order
Lagrangian, and which we believe represents a wider range of theories than the
parameterization of [22, 23]. Our parameterization for the entropy contribution is
wΓ = (α− w)
[
δ − 3Hβ(1 + w)θ
]
, (7.30)
where α and β are both a priori time-dependant background quantities which we
have explicitly determined for the no extra fields and scalar field theories, although
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the hope would be that they would only be slowly varying functions of time. We
reiterate that (7.30) constitutes an equation of state of dark sector perturbations. In
Table 2 we provide explicit formulae for these quantities for generic example theories.
It should be noted that in the parameterization of [22, 23] k-essence is excluded, and
the parameter α is always taken to be constant. It is rather simple to determine
whether or not α can be expected to be constant or not for particular examples, as
we show below.
Explicitly, for the theory L = F (X )− V (φ) one obtains
α =
(
1 +
2XF ′′
F ′
)−1
, β = − 1
F ′
[
2aV ′
3H√2X
](
1 + X F
′′
F
)
α
α− w. (7.31)
We have written β to isolate a parameter combination, 2aV ′/(3H√2X ).
For the theory L = F (X )V (φ), one obtains
α =
(
1 +
2XF ′′
F ′
)−1
, β =
1
F ′
[
2aV ′
3H√2X
]
F
V
(
1 + X
(
F ′′
F ′
− F
′
F
))
α
α− w,
(7.32)
which is the same as (7.31) but with an extra factor in the expression for β.
Theory α β
L = L(gµν) C 0
L = L(φ,X ) D AD−B
3H(D−w)a
L = X − V (φ) 1 1
L = V (φ)X 1+w2w w 0
L = L(X ) D 0
[22, 23] c2s 1
Table 2. Collection of the quantities which determine the entropy contribution; the func-
tion C is defined in (7.12); in the final line we give the parameterization of [22, 23].
8 Modified gravity
We will briefly discuss a class of theories which are more obviously “modified gravity”
theories: we allow the dark sector to contain derivatives of the metric and no extra
scalar fields. The simplest example is where the dark sectors field content is just the
metric and its first derivative,
L = L(gµν , ∂αgµν). (8.1)
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The second order Lagrangian is given by
4♦2L = 1
2
WµναβδLgµνδLgαβ + PµνραβδLgµν∇ρδLgαβ + 1
2
Qσµνραβ∇σδLgµν∇ρδLgαβ.
(8.2)
The tensors W ,P ,Q have the symmetries
Wµναβ =W(µν)(αβ) =Wαβµν , (8.3)
Pµνραβ = P(µν)ρ(αβ), (8.4)
Qσµνραβ = Qσ(µν)ρ(αβ) = Qραβσµν . (8.5)
This construction encompasses models which are often studied in the context of
massive gravity theories (see e.g. the reviews [62, 63]). Explicitly computing the
second measure-weighted variation of the Ricci scalar for metric perturbations about
an arbitrary background yields
♦2R = ∇λδgµν
[
1
2
gµν∇λδgαα +
1
2
∇λδgµν +∇µδgνλ − gµν∇αδgαλ
]
+
1
4
[
4Rα(µgν)β + 4Rβ(µgν)α − 2gµνRαβ − 2gαβRµν
+Rgµνgαβ − 2Rgµ(αgβ)ν
]
δgµνδgαβ. (8.6)
This formula is clearly of the same form as (8.2), but with P = 0, and reproduces the
relevant formulae in [64] for gravitational perturbations in a Minkowski background,
and in [63] for perturbations in a Universe with constant curvature.
Following the usual procedure, the perturbed dark energy-momentum tensor can
be computed from (8.2) and written as
δLU
µν = WˆµναβδLgαβ, (8.7)
where Wˆµναβ is a derivative operator which we write as
Wˆµναβ = Aµναβ + Bµναβρ∇ρ + Cµναβρσ∇ρ∇σ, (8.8)
where one can identify
Aµναβ = −1
2
{
Wµναβ + Uµνgαβ −∇ρPαβρµν
}
, (8.9a)
Bµναβρ = −1
2
{
Pµνραβ − Pαβρµν −∇σQραβσµν
}
(8.9b)
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Cµναβρσ =
1
2
Qσαβρµν . (8.9c)
A generic modified gravity theory containing curvature tensors is constructed
from a field content
L = L(gµν , Rαµβν), (8.10)
where Rαµβν is the Riemann tensor. The second order Lagrangian will have the
schematic form
♦2L ∼ Wδgδg +MδgδR +N δRδR, (8.11)
where we have suppressed all indices for ease. This field content will encompass
theories containing arbitrary combinations of the Ricci tensor and scalar, and the
Einstein tensor; popular examples of these types of theories include Gauss-Bonnet
[20, 65] and F (R) gravities [13, 14]. To actually compute δUµν is rather complicated
and technical; we present some important steps in Appendix B and the explicit form
of δUµν for F (R) gravities. We find that the perturbed dark energy-momentum
tensor can be written as
δUµν = Wˆµναβδgαβ (8.12)
where Wˆµναβ is a derivative operator which we write as
Wˆµναβ = Aµναβ + Bµναβρ∇ρ + . . .+ Eµναβρσpiζ∇ρ∇σ∇pi∇ζ . (8.13)
We will not present the explicit form of the coefficients A, . . . ,E in generality in the
decomposition of δUµν because they are cumbersome and not particularly illumi-
nating at this stage; however, in Appendix B we provide the explicit coefficients for
an F (R) theory. The coefficients A, . . . ,E can be written with an isotropic (3+1)
decomposition to obtain all the parameters required.
We have only sketched how our formalism can be applied to theories containing
high-order derivatives of the metric. However, it is clear that our formalism can
be used to write down an effective Lagrangian density for the gravitational fluctu-
ations which will automatically contain entire classes of known theories as well as
encompassing theories which have never been considered before. As alluded to above,
the second order Lagrangian (8.6) perhaps represents provide a fruitful theoretical
testing ground for massive gravity theories.
9 Discussion
In this paper we have outlined an approach to computing consistent perturbations
to the generalized gravitational field equations for physically meaningful theories.
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The method requires a field content, but does not require a particular Lagrangian
density to be presented for calculations to be performed. Once the field content has
been specified we have shown how to write down an effective action for linearized
perturbations. We imposed isotropy of the spatial sections so that all results we
derived are compatible with an FRW metric.
We have provided an argument for why we use the Eulerian coordinate system to
construct the perturbations which correspond to physically relevant quantities. The
reason is that quantities in cosmology are perturbed about some known background,
which is the same as the statement of using the Eulerian perturbation scheme.
We have given two detailed examples illustrating how to use our formalism: one
where the field content of the dark sector is entirely composed of the metric, and one
where the dark sector contains a scalar field, its derivatives and the metric. A priori
we did not constrain these fields to combine into scalar quantities (such as a kinetic
term). We gave formulae for the effective Lagrangian for perturbations in these
examples, which enabled us to write down the perturbed dark energy momentum
tensor, δLU
µ
ν . These expressions involved a number of coefficient-tensors which
can be split with an isotropic (3+1) decomposition; the number of coefficients in
this decomposition determines an upper bound on the number of functions which
must be provided. The possible functions in the expansions is further constrained by
applying the perturbed conservation equation, δ(∇µUµν) = 0; the number of possible
functions can be further reduced by imposing, for example, a decoupling between the
relevant field and the gauge field. In our appendices we have provided two explicit
examples: kinetic scalar field theories with L = L(φ,X ) and F (R) gravities. Using
these explicit calculations we have been able to justify our expansions of δUµν .
For the two examples we studied we found that the number of parameters that
were required to be specified depended upon what we imposed. (a) For the theory
L = L(gµν) at the level of the effective action there were 5 functions. Once we
imposed the decoupling condition the 5 functions reduced to just 2. (b) For the
theory L = L(gµν , φ,∇µφ) at the level of the effective action there were 14 functions.
When we applied the linking conditions, the 14 functions reduced to 11. When we
imposed reparameterization invariance by imposing the decoupling conditions, the
11 functions reduced to just 5, although two of these are not present in the equations
for cosmological perturbations in the synchronous gauge, and so we find that there
are just 3 free functions. It is worth noting that all scalar field theories of the form
L = L(φ,X ) satisfy the decoupling conditions.
We also performed a study of the structure of the generalized perturbed fluid
equations. For instance, we identified the entropy wΓ and anisotropic stress sources
Π in our two general examples. We find that theories of the form L = L(gµν) and
L = L(gµν , φ,∇µφ) are both capable of supporting wΓ 6= 0 and Π 6= 0 when the
theories are left in their general form. When the decoupling conditions are applied
to the theory with L(gµν , φ,∇µφ) we find Π = 0 (Γ remains non-zero in general). Our
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main result is a general way to parameterize the entropy, (7.30), which we derived
from the second order Lagrangian.
We note that many of our results apply to theories with multiple scalar fields
(see e.g. assisted inflation [66] or multi-field dark energy [67–69]). For example,
if a theory is has field content given by L = L(gµν , φA,∇µφA), then, regardless of
the details of the theory (e.g. even before imposing some generalized kinetic term,
Xgen = −12gµνGAB∇µφA∇νφB), the Lagrangian for perturbations will be given by
♦2L = AABδφAδφB + BµABδφA∇µδφB +
1
2
CµAB∇µδφA∇νδφB
+
1
4
[
YαµνA ∇αδφAδLgµν + VµνA δφAδLgµν +
1
2
WµναβδLgµνδLgαβ
]
, (9.1)
where repeated field-indices denote summation:
VµνA δφA =
N∑
A=1
VµνA δφA. (9.2)
The generalized perturbed fluid variables can then be worked out, where one would
find that the expressions we provided in (7.13) still hold, except that we would need
to identify
AVδφ = AVAδφ
A, BVδφ = BVAδφ
A, (9.3)
AY ˙δφ = AYA ˙δφ
A
, BY ˙δφ = BYA ˙δφ
A
CYδφ = CYBδφ
A. (9.4)
What this means is that, for example, the parameterization of the entropy (7.30)
also applies to these multi-field models.
We will sketch a formulation involving vector fields here, but a full study will be
presented in a follow up paper. For a field content containing a vector field Aµ and
its derivatives,
L = L(Aµ,∇αAµ,∇α∇βAµ, . . .), (9.5)
the Lagrangian perturbed dark energy-momentum tensor would take on the form
δLU
µν = Zˆµν αδLAα, (9.6)
where Zˆµν α is an operator which we would expand as
Zˆµν α = Pµν α +Qµν βα ∇β + Rµν βγα ∇β∇γ + . . . (9.7)
The formalism we have developed can be used as a stepping-stone to create a
tool which can be used to discriminate different gravity and dark energy theories
using experiment. All perturbations in our formalism have a obvious, consistent and
concrete origin from an effective action.
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A Kinetic scalar fields
Here we will give the explicit forms of the tensors that appear in the dark scalar field
case where only first order derivatives appear in the Lagrangian density of the dark
sector. We will study the explicit case where the metric gµν and the derivative of the
scalar field ∇µφ only appear in the dark sector through the kinetic term,
X = −1
2
gµν∇µφ∇νφ. (A.1)
Hence, the field content of a first order scalar field theory with a kinetic term can be
written as
L = L(φ,X ), (A.2)
the generalized gravitational action is
S =
∫
d4x
√−g
[
R + 16piGLm + L(φ,X )
]
, (A.3)
and the generalized gravitational field equations are given by Gµν = 8piGT µν + Uµν
where the dark energy-momentum tensor is given by
Uµν = L,X∇µφ∇νφ+ Lgµν . (A.4)
By explicit calculation we can identify the quantities {A,Bµ, Cµν ,Vµν ,Yαµν ,Wµναβ}
which we introduced in our second order Lagrangian (5.2). To aid our calculation it
is useful to realize that the variations of the Lagrangian are
δL = L,φδφ+ L,X δX , (A.5a)
δ2L = L,φφ(δφ)2 + L,XX (δX )2 + 2L,φX δφδX + L,X δ2X , (A.5b)
and those of the kinetic term are
δX = 1
2
δgµν∇µφ∇νφ−∇µφ∇µδφ, (A.5c)
δ2X = −gµν∇µδφ∇νδφ+ 2gα(µ∇ν)φ∇αδφδgµν
−1
2
[
gµ(α∇β)φ∇νφ+ gν(α∇β)φ∇µφ
]
δgµνδgαβ. (A.5d)
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We now combine these expressions to form ♦2L, as defined in (3.11b) and compare
the result with (5.2). By appropriate identifications, one finds that
A = −1
2
L,φφ, Bµ = L,φX∇µφ, Cµν = L,Xgµν − L,XX∇µφ∇νφ, (A.6)
Vµν = −2
[
gµνL,φ + L,Xφ∇µφ∇νφ
]
, (A.7a)
Yαµν = 2
[
L,XX∇αφ∇µφ∇νφ+ L,X
(
gµν∇αφ− 2gα(µ∇ν)φ
)]
, (A.7b)
Wαβµν = −L,XX∇µφ∇νφ∇αφ∇βφ− L,X
(
gµν∇αφ∇βφ+ gαβ∇µφ∇νφ
)
+2L,X
(
gµ(α∇β)φ∇νφ+ gν(α∇β)φ∇µφ
)
− L
(
gµνgαβ − 2gµ(αgβ)ν
)
.
(A.7c)
The perturbed dark energy-momentum tensor can be written as
δLU
µν = −1
2
{
Vµνδφ+ Yαµν∇αδφ
}
− 1
2
{
Wαβµν + gαβUµν
}
δLgαβ. (A.8)
One can use (A.6) to compute, for example, the Euler-Lagrange equation (5.4) which
was computed from the second order Lagrangian. For a canonical theory it is simple
to use (A.6) to obtain the well known formula δφ + V ′′δφ = δES. This vindicates
our use of the second order Lagrangian as the Lagrangian for the perturbed scalar
field.
We now decompose the tensors (A.7) with an isotropic (3 + 1)-split; we write
∇µφ = −φ˙uµ, gµν = γµν − uµuν , uµuµ = −1, uµγµν = 0. (A.9)
Notice that with our signature choice, the definition of the covariant derivative of
the scalar field means that ∇µφ = −φ˙uµ → ∂tφ = φ˙. The choice of using the minus
sign is only important for terms linear or cubic in derivatives of φ; i.e. for Yαµν . The
energy-momentum tensor (A.4) can now be written as
Uµν = ρuµuν + Pγµν , (A.10)
where the energy density and pressure are given by
ρ = L,X φ˙2 − L, P = L. (A.11)
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Inserting the (3+1) split into the perturbed energy momentum tensor (A.7) and
comparing with (5.6), one finds that
AV = −2
(L,Xφφ˙2 − L,φ), BV = −2L,φ, (A.12a)
AY = −2
[
L,XX φ˙3 + L,X φ˙
]
, BY = −CY = −2L,X φ˙, (A.12b)
AW = −
[
L,XX φ˙4 + 2ρ+ P
]
, BW = −CW = −ρ, DW = −EW = −P
(A.12c)
The sets of coefficients (AV , BV), (AY , BY) are in general different, however they only
are different in non-canonical theories where there is an explicit coupling between
the scalar field and its kinetic term and where a non-trivial function of the kinetic
term appears in the Lagrangian density. It is also interesting to note that coefficients
DW and EW which appear in the general decomposition of Eµναβ (4.7c) are found to
be equal but opposite in this dark fluid scenario (in fact, their values are set to the
pressure). Similarly, BY = −CY .
B F (R) and Gauss-Bonnet gravities
We will compute the field equations for a generalized modified gravity theory, and
inparticular to identifying the dark energy-momentum tensor Uµν . The class of
theories we will consider is defined by the action
S =
∫
d4x
√−g
[
R + 2Lmg(gµν , Rαµβν)− 16piGLm
]
. (B.1)
We will now calculate Uµν for this theory. To do so, it is useful to define the deriva-
tives of the Lagrangian to be
Aµν ≡ δLmg
δgµν
, B ανβµ ≡
δLmg
δRµανβ
, (B.2)
and note that the variations of the Riemann and Ricci tensor and scalar can be
written as
δRµν = g
βσgσαδR
α
µβν , δR = g
αβgρσgσpiδR
pi
αρβ −Rαβδgαβ, (B.3a)
δRαµβν = Θ
αξρσpi
µβν∇ξ∇ρδgσpi, (B.3b)
where, for convenience we have defined
Θαξρσpi µβν ≡ gαρδσµδ[piβ δξ]ν + gαpiδσµδ[ρν δξ]β + gαpiδρµδ[σν δξ]β . (B.4)
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Thus, varying the Lagrangian yields
δLmg =
(
Aσpi + Θαξρσpi µβν∇ρ∇ξB µβνα
)
δgσpi +∇µδSµ, (B.5)
where the term which will only contribute to a surface integral is given by
δSρ ≡ B µβνα Θαρξσpi µβν∇ξδgσpi −Θαξρσpi µβν∇ξ(δgσpiB µβνα ). (B.6)
The field equations are given by Gµν = 8piGT µν + Uµν , where, under the usual
definition, the dark energy momentum tensor is given by
Uσpi = −
[
gσpiLmg + 2Aσpi + 2Θαξρσpi µβν∇ρ∇ξB µβνα
]
. (B.7)
For an F (R) theory we can use (B.3a) to obtain
Aµν = −L,RRµν , B αρβpi = L,Rgαβδρpi. (B.8)
For a consistency check, an F (R) theory has Lmg = 12f(R). Using (B.8) to calculate
the final term in (B.7) yields
Θαξρσpi µβνδ
β
αg
µν = gρσgξpi − gρξgpiσ, (B.9)
so that we obtain
Uσpi = (Rσpi + gσpi−∇σ∇pi)f,R − 1
2
gσpif, (B.10)
which is identical to the expression one finds through direct calculation.
For a (generalized) Gauss-Bonnet theory, the action is given in terms of the
Gauss-Bonnet term, G,
S =
∫
d4x
√−g L(G), G ≡ R2 − 4RµνRµν + 4RµναβRµναβ. (B.11)
It is useful to realize that the variation of the Gauss-Bonnet term δG can be written
as
δG = Aκδgκ +B γκλ δRλγκ, (B.12)
where
Aκ = −2RRκ + 8RαRκα +RναβRκναβ −R νακξ Rξ να
−R νκαξ Rξ ν α −R καβξ Rξαβ, (B.13a)
B γκλ = 2
(
Rgγκ − 4Rγκ
)
δλ + 2R
γκ
λ . (B.13b)
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Hence, for a Gauss-Bonnet theory, we find that
Aµν = L,GAµν , B ανβµ = L,GB ανβµ . (B.14)
To calculate δUµν in generality is complicated and cumbersome to write down.
In general it is possible to write δUµν as a single rank-4 pseudo-tensor operator
acting on δgαβ, so that
δUµν = Wˆµναβδgαβ, (B.15a)
where Wˆµναβ is an operator given by
Wˆµνρσ = Aµνρσ + Bµνρσα∇α + Cµνρσαβ∇α∇β
+Dµνρσλαβ∇λ∇α∇β + Eµνρσζλαβ∇ζ∇λ∇α∇β. (B.15b)
The coefficients A · · ·E can be written using the (3+1) split.
We will explicitly calculate δUµν for F (R) gravities, and show that δUµν is indeed
of this form. The action we study is given by
S =
∫
d4x
√−g
[
R + f(R)− 16piGLm
]
. (B.16)
The dark energy-momentum tensor is given by
Uµν =
(
Rµν + gµν−∇µ∇ν
)
f ′ − 1
2
fgµν . (B.17)
Perturbing this yields
δUµν = Aµνρσδgρσ +B
µνδR + Cαµν∇αδR +Dαβρσ∇α∇βδR + EαρσµνδΓαρσ,
(B.18)
where we have defined
Aµνρσ ≡ −2f ′gρ(µRν)σ − gµρgνσf ′ − f ′′′gµν∇ρR∇σR + 2f ′′′gρ(µ∇ν)R∇σR
+
1
2
fgµρgνσ − f ′′gµν∇ρ∇σR + 2f ′′gρ(µ∇ν)∇σR, (B.19a)
Bµν ≡ f ′′gµν + f ′′′gµνR + f ′′′′gµν∇αR∇αR− f ′′′′∇µR∇νR− 1
2
f ′gµν ,(B.19b)
Cαµν ≡ 2f ′′′
(
gµν∇αR− gα(µ∇ν)R
)
, (B.19c)
Dαβµν ≡ f ′′
(
gµνgαβ − gµαgνβ
)
, (B.19d)
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Eα
ρσµν ≡ f ′′
(
gµρgνσ − gµνgρσ
)
∇αR (B.19e)
To actually compute the explicit form of Wˆµναβ is a rather convoluted task and
to do so we use the fact that perturbations such as δR, δRµν , δΓ
λ
αβ can be written
entirely in terms of δgαβ. For example, we have the identities
δΓρµν =
1
2
gρσ
(
∇µδgνσ +∇νδgµσ −∇σδgµν
)
, (B.20)
δRαβ = ∇ρδΓραβ −∇βδΓραρ, (B.21)
which can be rewritten into the more useful form
δΓρµν =
(
gρpiδξ(µδ
λ
ν) −
1
2
gρξδλµδ
pi
ν
)
∇ξδgλpi, (B.22a)
δRαβ = Θ
γλξpi
αγβ∇λ∇ξδgpi, (B.22b)
where Θγλξpiαγβ is defined in (B.4). By writing δR = g
µνδRµν−Rµνδgµν we find that
from (B.18) we can obtain
δUµν =
[
Aµνρσ −BµνRρσ − Cαµν∇αRρσ −Dαβµν∇α∇βRρσ
]
δgρσ +
[
Eα
ρσµν
]
δΓαρσ
+
[
− CαµνRρσ − 2D(αβ)µν∇βRρσ
]
∇αδgρσ +
[
−DαβµνRρσ
]
∇α∇βδgρσ
+
[
Bµνgαβ
]
δRαβ +
[
Cζµνgαβ
]
∇ζδRαβ +
[
Dζκµνgαβ
]
∇ζ∇κδRαβ, (B.23)
and if we insert (B.22) into this we obtain
δUµν =
{
Aµνρσ −BµνRρσ − Cαµν∇αRρσ −Dαβµν∇α∇βRρσ
}
δgρσ
+
{
Eξ
λβµν
[
gξσδα(λδ
ρ
pi) −
1
2
gξαδρλδ
σ
pi
]− CαµνRρσ − 2D(αβ)µν∇βRρσ}∇αδgρσ
+
{
BµνgαβΘγλξpiαγβ −DαβµνRρσ
}
∇λ∇ξδgpi
+
{
CζµνgαβΘγλξpiαγβ
}
∇ζ∇λ∇ξδgpi
+
{
DζκµνgαβΘγλξpiαγβ
}
∇ζ∇κ∇λ∇ξδgpi, (B.24)
which is clearly of the form (B.15).
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